Abstract We construct supplementary difference sets (SDS) with parameters (69; 31, 27; 24), (75; 36, 29; 28), (77; 34, 31; 27) and (87; 38, 36; 31). These SDSs give D-optimal designs (DO-designs) of two-circulant type of orders 138,150,154 and 174. Until now, no DO-designs of orders 138,154 and 174 were known. While a DO-design (not of two-circulant type) of order 150 was constructed previously by Holzmann and Kharagani, no such design of twocirculant type was known. The smallest undecided order for DO-designs is now 198. We use a novel property of the compression map (see Theorem 1 below) to speed up some computations.
Moreover, this inequality is strict if 2v − 1 is not a sum of two squares [6, Satz 5.4] . In this paper we are interested only in the case when equality holds in (1) . In that case we say that A is a D-optimal design (DO-design) of order 2v. Hence, in the context of DO-designs we shall assume that 2v − 1 is a sum of two squares. For the problem of maximizing the determinant of square {+1, −1}-matrices of any fixed order, we refer the interested reader to [2] and its references. Many DO-designs of order 2v can be constructed by using supplementary difference sets with suitable parameters (v; r, s; λ). We recall that these parameters are nonnegative integers such that λ(v −1) = r(r −1)+s(s−1). (See section 2 below for the formal definition of SDSs over a finite cyclic group.) For convenience, we also introduce the parameter n = r + s − λ. Without any loss of generality we may assume that the parameter set is normalized which means that we have v/2 ≥ r ≥ s ≥ 0. The SDSs that we need are those for which v = 2n + 1. We refer to them as D-optimal SDS.
The feasible parameter sets for the D-optimal SDS can be easily generated by using the following proposition. Apparently this fact has not been observed so far. Proposition 1. Let P be the set of ordered pairs (x, y) of integers x, y such that x ≥ y ≥ 0. Let Q be the set of normalized feasible parameter sets (v; r, s; λ) for D-optimal SDSs. Thus, it is required that v = 2n + 1 where n = r + s − λ. Then the map P → Q, given by the formulas
is a bijection.
We leave the proof to the interested reader. Note that n = x+1 2 + y+1 2 . Let (X, Y ) be a D-optimal SDS with parameters (v; r, s; λ). Then the associated matrices C X and C Y satisfy the equation
where I v is the identity matrix, J v is the matrix with all entries equal to 1, and the superscript T denotes the transposition of matrices. One can verify that the matrix
is a DO-design of order 2v. We say that the DO-designs obtained by this construction (due to Ehlich and Wojtas) are of two-circulant type (2c type). In the range 0 < v < 100, v odd integer, the condition that 2v − 1 is a sum of two squares rules out the following 14 odd integers: 11, 17, 29, 35, 39, 47, 53, 65, 67, 71, 81, 83, 89, 85. In the remaining 36 cases the DO-designs of order 2v are known (see [8, 4] and their references) except for v = 69, 77, 87, 99. In the case v = 75 the only known DO-design of order 150 [7] is not of 2c type.
Our [7] . The main tool that we use in our constructions is the method of compression of SDSs which we developed in our recent paper [5] . This method uses a nontrivial factorization v = md and so it can be applied only when v is a composite integer. In the cases mentioned above we used the factorizations with m = 3 or m = 7.
In section 2 we recall the definition of SDSs over finite cyclic groups, and in section 3 we establish a relationship between power density functions of a complex sequence of length v = md and its compressed sequence of length d. This relationship was used to speed up some of the computations.
In section 4 we list the 19, 3, 1 and 3 nonequivalent SDSs for the DOdesigns of order 138, 150, 154 and 174, respectively. Consequently, for orders less than 200 only the DO-design of order 198 remains unknown. In some cases, for a given odd integer v such that 2v − 1 is a sum of two squares, there exist more than one feasible parameter set (v; r, s; λ) with v = 2n + 1 and v/2 ≥ r ≥ s (see [4, Table I] ). For instance, this is the case for v = 85. In that case there are two feasible parameter sets and an SDS is known only for one of them.
In the appendix we list D-optimal SDSs, one per the parameter set (v; r, s; λ), for all v < 100 with two exceptions where such SDS is not known.
Finally, we point out a misprint in our recent paper [5] . The first formula in [5, eq. (16) ] should read β 0 = v(tv − 4n) + 4n.
Supplementary difference sets
We recall the definition of SDSs. Let k 1 , . . . , k t be positive integers and λ an integer such that
and let X 1 , . . . , X t be subsets such that (9) Definition 1. We say that the subsets X 1 , . . . , X t of Z v with |X i | = k i for i ∈ {1, . . . , t} are supplementary difference sets (SDS) with parameters (v; k 1 , . . . , k t ; λ), if for every nonzero element c ∈ Z v there are exactly λ ordered triples (a, b, i) such that {a, b} ⊆ X i and a − b = c (mod v).
These SDS are defined over the cyclic group of order v, namely the additive group of the ring Z v . More generally SDS can be defined over any finite abelian group, and there are also further generalizations where the group may be any finite group. However, in this paper we shall consider only the cyclic case.
In the context of an SDS, say X 1 , . . . , X t , with parameters (v; k 1 , . . . , k t ; λ), we refer to the subsets X i as the base blocks and we introduce an additional parameter, n, defined by:
If x is an indeterminate, then the quotient ring C[x]/(x v − 1) is isomorphic to the ring of complex circulant matrices of order v. Under this isomorphism x corresponds to the cyclic matrix with first row [0, 1, 0, 0, . . . , 0]. By applying this isomorphism to the identity [5, (13)], we obtain that the following matrix identity holds
where C i = C Xi is the cyclic matrix associated to X i . In this paper we are mainly interested in SDSs (X, Y ) with two base blocks, i.e., t = 2. Then if v = 2n + 1 the identity (11) reduces to the identity (6).
Compression of SDSs
Let A be a complex sequence of length v. For the standard definitions of periodic autocorrelation functions (PAF A ), discrete Fourier transform (DFT A ), power spectral density (PSD A ) of A, and the definition of complex complementary sequences, we refer the reader to our paper [5] . If we have a collection of complex complementary sequences of length v = dm, then we can compress them to obtain complementary sequences of length d. We refer to the ratio v/d = m as the compression factor. Here is the precise definition. 
Then we say that the sequence
Let X, Y be a D-optimal SDS with parameters (v; r, s; λ) and let n = r + s − λ. Thus v = 2n + 1. Assume that v = md is a nontrivial factorization. Let A, B be their associated binary sequences. Then the m-compressed sequences A (d) , B (d) form a complementary pair. In general they are not binary sequences, their terms belong to the set {m, m − 2, . . . , −m + 2, −m}. The search for such pairs X, Y is broken into two stages: first we construct the candidate complementary sequences A (d) , B (d) of length d, and second we lift each of them and search to find the D-optimal pairs (X, Y ). Each of the stages requires a lot of computational resources. There are additional theoretical results that can be used to speed up these computations. Some of them are descirbed in [5] , namely we use "bracelets" and "charm bracelets" to speed up the first stage. We give below a new theoretical result, which we used to speed up the second stage. 
where ω = exp(2πi/v) and ω 0 = ω m = exp(2πi/d). Hence, by using the Wiener-Khinchin theorem (i.e., that PSD = DFT • PAF), we have
Computational results for DO-designs
All solutions are in the canonical form defined in [3] and since they are different, this implies that they are pairwise nonequivalent. We list here all D-optimal parameter sets (v; r, s; λ) with v/2 ≥ r ≥ s and v < 100 and for each of them (with two exceptions) we give one DO-design of 2c type by recording the two base blocks of the corresponding SDS. In the two exceptional cases we indicate by a question mark that such designs are not yet known. In particular, this means that DO-designs of order 2v < 200, with v odd, exist for all feasible orders (those for which 2v − 1 is a sum of two squares) except for v = 99. This list will be useful to interested readers as examples of such designs are spread out over many papers in the literature. For the benefit of the readers interested in binary sequences we mention that these SDS give two binary sequences of length v with PAF +2, i.e., D-optimal matrices.
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